The variety of bi-confluent Heun potentials for a stationary relativistic wave equation for a spinless particle is presented. The physical potentials and energy spectrum of this wave equation are related to those for a corresponding Schrödinger equation in the sense that all the potentials derived for the latter equation are also applicable for the wave equation under consideration. We show that in contrast to the Schrödinger equation the characteristic spatial length of the potential imposes a restriction on the energy spectrum that directly reflects the uncertainty principle. Studying the inverse-square-root bi-confluent Heun potential, it is shown that the uncertainty principle limits, from below, the principal quantum number for the bound states, i.e., physically feasible states have an infimum cut so that the ground state adopts a higher quantum number as compared to the Schrödinger case.
Introduction
We consider the bi-confluent Heun potentials for a stationary relativistic wave equation for a spinless particle (RWE) [1] . This equation, which is obtained by applying the invariance principle for the total four-dimensional momentum of the system "field+particle", has some significant advantages as compared to its analog equations such as the KleinGordon and Dirac equations [2, 3] . For instance, for the problem of a hydrogen-like atom, it has solutions for an arbitrary value of the interaction constant not restricted to whatever atomic number of the nucleus (we recall that for the Dirac equation the atomic number is restricted to 137 Z  [4] ). In contrast to the Schrödinger equation, the energy spectrum of the ground state for the considered equation proves to be limited by a spatial characteristic size.
This property directly reflects the uncertainty principle in that, irrespective of the well depth value, the particle can be localized in a bound state only if the well width is larger than the half-wavelength of the particle. The equation is applicable for different types of particles and interactions. The analysis of the solutions shows the full compliance with the principles of relativistic and quantum mechanics, and the solutions are devoid of any restrictions on the nature and magnitude of the interactions.
In the present paper, we examine the properties of the solutions of the mentioned wave equation by reducing it to the bi-confluent Heun equation [5] via duly chosen transformation of the independent and dependent variables [6] . This leads to exact solutions in terms of the bi-confluent Heun functions for five independent six-parameter potentials [7, 8] . Among these, there exists a particular exactly solvable sub-potential for which the solution is written in terms of two Hermite functions which are much more studied functions than the bi-confluent Heun functions. This is the inverse-square-root potential which is of a long-range type to sustain an infinite number of bound states [9] . Discussing the properties of the spectrum for this potential, we show that the spectrum for relativistic wave equation under consideration reveals an infimum cut, i.e., the ground state generally adopts a higher quantum number as compared with the Schrödinger spectrum.
The relativistic wave equation and the Schrödinger equation
We consider the following one-dimensional stationary relativistic wave equation
(RWE) for a spinless particle of mass m and energy E in the potential field ( )
where  is the reduced Planck constant, c is the speed of light, W is the energy of the particle, 0 q is the charge of the particle, and the functions  and A are the scalar and vector potentials, respectively. With notations
and
this equation is conveniently rewritten in the form of the familiar Schrödinger equation:
Equation (3) indicates that diverse combinations of scalar and vector potentials  and A may correspond to the same Schrödinger potential ( ) V x . In the case of consideration of the vector potential alone, it obeys the relation
Resolving equation (3) with respect to  , the scalar potential is presented as
Hence, if the vector potential is not included for a particular problem then the scalar potential is given by the Schrödinger potential as
Bi-confluent Heun potentials
There are five six-parameter potentials for which the general solution of the onedimensional stationary Schrödinger equation is written in terms of the bi-confluent Heun functions [6] [7] [8] . These potentials are obtained as follows. Applying the change of the independent variable ( ) z z x  followed by the transformation of the dependent variable 
where
. Demanding this equation to become the bi-confluent Heun equation [5] :
one arrives at the following system of two coupled equations:
According to arguments of [8] , the solution of these equations is constructed by putting and substituting  into equation (11) , one arrives at five independent bi-confluent Heun potentials first presented by Lemieux and Bose [7] . For reader's convenience, these potentials are represented here in Table 1 . We not that all five potentials are six-parameter because Furthermore, all potential parameters may be chosen complex. This is a useful point because one may then construct PT -symmetric non-Hermitian potentials [10, 11] . In the present paper, however, we assume the parameters 0,1,2,3,4 V real and put 0 0 x  for convenience. 
Starting from a particular potential of Table 1 , one calculates, through equations presented in [8] , the parameters , , , ,q     of B H and the parameters 0,1,2  of the pre-factor of solution (12) . It should be noted, however, that the bi-confluent Heun function is a rather complicated mathematical object to handle [12, 13] . To overcome this, one may apply a quite recently developed technique of expansion of the bi-confluent Heun function in terms of the familiar Hermite functions [8] . In this way, it is possible to identify a particular exactly solvable sub potential for which the expansion involves just two noninteger-order Hermite functions of a scaled and shifted argument. This is the inverse-square-root potential [9] 
with arbitrary (real or complex) interaction strength 0 V .
Energy spectrum for the inverse-square-root potential
The inverse-square-root potential is a long-range potential so that its attractive version (realized if 0 0 V  ) sustains an infinite number of bound states [9] . To discuss the energy spectrum for these states, we note that, according to equation (2), the spectrum found for the Schrödinger equation can be mapped onto the corresponding spectrum for equation (1) as 2 2 2 1 n n
The exact form of the Schrödinger spectrum depends on the boundary conditions imposed for the particular problem at hand. If the bound-state wave functions are not supposed to vanish in the origin, one may apply the standard set of bounded quasipolynomial solutions. Though such solutions are not permissible in the 3D quantum mechanics [14] , however, they may be useful for certain applications (e.g., [15] ). For this case the Hermite functions involved in the expansion of the bi-confluent Heun function become the Hermite polynomials and the Schrödinger spectrum is (exactly) given as [9] 1/3 0 0
(we recall that 0 0 V  ).
In the case when one demands the wave function to vanish both in the origin and at the infinity [14] , that is if (0) 0   and ( ) 0    , it is shown in [9] that the Schrödinger spectrum is with high accuracy approximated as
the Maslov correction index being 1/ 6   [16, 17] .
To discuss the properties of the corresponding energy spectrum for the relativistic wave equation (1), we note that the inverse-square-root potential can be represented in terms of a certain spatial characteristic length d as
is de Broglie wavelength of the particle and   
on the limiting ground-state number will change to
, where M i is the corresponding Maslov index associated with the particular problem at hand.
Discussion
Thus, we have transformed the stationary relativistic wave equation for a spinless particle (1) energy spectrum both for the wave functions vanishing only at infinity and for the wave functions vanishing both at the infinity and at the origin. We note that for the Schrödinger spectrum the spatial and interaction parameters do not impose whatever restrictions on the energy spectrum, including the ground state. In contrast to this, we have seen from equation (14) that the ground state for equation (1) is limited by the spatial characteristic length. This observation directly reflects the Heisenberg uncertainty principle.
The condition for spatial parameter limitation has been shown to be nd   . As a consequence, the bound state's possible quantum number is restricted to values higher than those typical of Schrödinger equation, i.e., the ground-state's number starts from 0 d n       .
Such an infimum cut for physically realizable states is an interesting feature not faced for other known relativistic or non-relativistic wave equations.
